























A SEMI-FINITE PROOF OF JACOBI’S TRIPLE PRODUCT IDENTITY
JUN-MING ZHU
Abstract. Jacobi’s triple product identity is proved from one of Euler’s q-exponential
functions in an elementary way.
1. Introduction





(1 − aqn) and (a; q)n =
(a; q)∞
(aqn; q)∞
for any integer n. Jacobi’s triple product identity is one of the most important
series-product identities. We state it in the following theorem.
Theorem 1.1. For any complex number z , 0, we have




Bellman said in [3, p. 42] that there are no simple proofs known of the com-
plete result. After that, Andrews [1] proved Theorem 1.1 using both of Euler’s
q-exponential functions, which are, respectively,














, |z| < 1.
In this short note, we will prove Jacobi’s triple product identity only using (1.2).
This seems also a proof of the complete triple product identity required by Bellman.
We use a method which is often called semi-finite method (see [3]).
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−m; q)∞ (by (1.2))
= qm(m+1)/2z−m(q; q)m(−zq
−m; q)m(−z; q)∞
= (q; q)m(−q/z; q)m(−z; q)∞.
Note that 1
(qm+1;q)−n











Restricting z in any compact subset of 0 < |z| < ∞ and letting m → ∞ in (2.1), we
get (1.1). By analytic continuation, the restriction on z may be relaxed.
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